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X, of the equations (14), are precisely the only possible solutions of the given 
problem of the Calculus of Variations ; or, the only possible solutions of the given 
problem of the Calculus of Variations are given by the characteristic torsion 
strips of the equation (2), regarded as a differential equation. 

We might now easily go on to set up, as we liave done in Part I, § 6 for equa- 
tions of the first order, the equations of the common characteristics of two par- 
tial differential equations of the second order, and the condition that they be 
in involution, regarding the common characteristics as the common possible 
solutions of two problems in the Calculus of Variations, which reduce to a 
single problem of the type given above with one additional auxiliary condition 
of the type (2). Finally, we might seek the characteristics for two differen- 
tial equations of the first order in two dependent variables, and so on. These 
problems will, however, offer no essential difficulty to the reader, and we will 
not enter into a discussion of them here ; the main point of the existence of a 
connection between the theory of chai-acteristics and the Calculus of Variations 
already having been demonstrated. 

Sheffield Scientific School, 
Yale Untveksity. 
February, 1903. 

Erratum. 

Page 139, line 7 : Instead of q = f'{y), read q = <t>'iy). 



ON THE UNIFORMITY OF THE CONVERGENCE OF CERTAIN 
ABSOLUTELY CONVERGENT SERIES 

By Maxime BdcHER 
If the series 

(1) Wi(x) +Ui{x) + • •■ . 

is absolutely and uniformly convergent for the values of a; in a certain interval, 
and if we rearrange the terms, will the resulting series necessarily be uniformly 
convergent? This question must be answered in the negative as the following 
example shows ; 

/y.2 /V.2 /y.2 ~a 

/0\ 2 2 

^ ^ a; - x + j--^2 - YT^^ ^ (1 + xy ~ (1 + a;«)2 + " ' ' ' 

x^ 
Here S^,, =. 0, S^^^-, = ^^ ^ ^,^„ . 
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It is easily seen that S2„ + i, which reaches its maximum when a; = ± l/yn — 1, 
is alwaj's less than 1/n. Accordingh' (2) converges uniformly to the value 
zero. It is also readily shown to be absolutely' convergent. 
Xow form the series 

.^ X* X* X* X* X* X* 

"^rr^"^ (1 + x2)«~l + x^"^ (1 + x^y'^ (1 + x^y~ (l + x*)*"^ 

from (2) by rearranging the terms. This scries, of course, also converges to 
the value zero, but it converges non-uniformly in anj' interval including the 
point X = 0. For 

*"-'~(H-x2)"L l + a;« (l + x«)"-«J (1 + x2)2"-« ' 

and when x has either of the real values 

±V"-t/2-l 

we have >S3„_i = 1/4. 

It is, however, easy to prove the following theorem : 
if the series 

I Mi(x) I + I U^{X) I + • • • 

is uniformly convergent throughout the interval in question, (1) will be absolutely 
and uniformly convergent, and will remain so no matter how the order of the 
terms is changed. 

Any series which can be pi-oved uniformly convergent by Weierstrass's 
test (cj. Weierstiuss, Werke, Vol. IT, p. 202) will therefore remain uniformly 
convergent when its tei-ms are I'earranged. 

The facts here referred to would seem to be of especial interest in relation 
to the subject of absolutely convergent multiple series. 

In conclusion I will mention the following theorem which I had occasion 
to prove and to use in a slightly-different form a few years ago (cf. Bull. Amer. 
Math. 8oc. May, 1898, p. 368) : 

If throughout the interval a ^ x ^ b the functions m,(x) are continuous 
and nowhere negative, and if the function represented by the series (1) is con- 
tinuous throughout the interval a ^x ^b, then (1 ) converges uniformly through- 
out this interval. 

Harvard University, Cambiudge, Mass. 
January, 1903. 



